Category Theory (80-413/713) F20 HW6, Exercises 4 & 5 Solution

Jacob Neumann, October 2020

Problem:

Let I and J be two small categories and C a category with colimits of shape I and J.
We fix a diagram
X:IxJ—C

(a) Using the universal property of colimits, define diagrams

X'.J—>C X2:I1—>C

. J > colim X (4, j) .1 +— colim X (4, )
i J

(b) If Z := colim; X' (), construct a cocone X (i,j) = Z
(c) Prove that this cocone X (i,j) — Z is a colimit cocone.

(d) Prove that colim; X*(j) = colim; X?(i) = colim; ; X (4, )

Solution:

1

Let’s begin with some notation. Throughout, I'll use 7,4’,i", i, 41, i2,etc. to denote
objects of I, and likewise j, j', 7", jo, 71, jo for objects of J. f, f1, f will denote morphisms
of I and g, g1, go morphisms of J. I'll write inc to denote the inclusion maps of a diagram
into its colimit, with appropriate decoration to disambiguate which diagram I’'m referring
to:
inc;; : X(i,7) = X'(j) inc; : X'(j) — Z inc; : X2(i) = Z

Given any diagram Y : K — C such that colimy Y (k) exists, and a cocone wy, :

Y (k) — W, write
(wy | ke K]: co}gimY(k) - W

for the unique map h such that w, = hoinc; for all k (the map whose existence is
required by the universal property of colimits). 1

Throughout, we’ll make use of the following principle 2: if Y, K are as in the
previous paragraph, and p, q : colimg Y (k) — E are some morphisms in C such that

poinc) = qoinc) for all objects k of K

then we can conclude that p = ¢q. We'll refer to this as ColimlInj, since it corresponds
to the injectivity of the map Hom(colimy Y (k), W) — Cocone(Y, W) in the bijection

characterization of the universal property of colimits.



Let’s begin with (a). First begin by noting that, for any fixed object j of J, we have
the functor 3
X(—,j): I —=C

Since X (—,j) is an I-shaped diagram in C and C has all such colimits, we can take the
colimit over 1, for each j.

X (i1, js)
X (i1,92) inczll,js
X (i1,72) X(f1.38) colim; X (4, j3)
X(il 791) inc%l 572 inc%zvjs
X (i1,71) X(f1.52) colim; X (4, j2) X (i2,73)

X (i2,92)

L1 L1
inc; inci, o

X (f1,91) X(i27j2)

X (i2, 1)

As indicated in the problem statement, this assignment of objects j to the respective
colimit colim; X (i, j) constitutes the object part of a functor X! : .J — C. So, to fulfill
the definition of functor, we must supply the morphism part, and then check
functoriality 4 .

Supplying the morphism part of this functor means that for each morphism ¢ : 7 — 5’
of J, we supply some C-morphism X'(g) : X(5) — X1(j").



X(ila .73)

X (i1,92) inci, g
X(il,jz) X(f11j3) N COllmLX(Z7]3)
X (i1,91) LSHPN /,/’/// inci, s
X(i17j1) X (f1,42) o colim; X(i,jQ) X (i2,j3)
inc%llj1 ////’////’i;cizyj2

X (i2,92)

X (f1,41) colim; X(Z,]l) X(’ig,jz)

X (i2, 1)

So suppose g1 : J; — Jjo is some such morphism of J. We’ll construct a cocone on
the diagram X (—, j;) whose apex is X'(js), and thereby obtain a morphism X'(j;) —
X1(j,) by the universal property of X1(j;) as the colimit of X(—,7;). Consider the
following composition

. X (3,01 . inc} ; .
X (i, 1) —B X (6, ) ——22y X(jy)

where ¢ varies over all objects of I. To see that these maps constitute a cocone
on X(—,j1) 5, pick an arbitrary f; : iy — i3 in I and observe

(inczlg,jz o X (iz, 1)) o X (f1, 1)

=inc}, ;, 0 X(f1,j2) o X (i1, 01) (Functoriality of X)
=inc} j, o X (i1, 1) (inc; ;, is a cocone on X (—, ja))

Therefore this is a cocone, so we obtain a unique map X'(g;) : X'(j;) — X'(j2), namely
X'(g1) = [inc;;, 0 X(i,g1) | i € I] via the universal property of X*(j1) as the colimit
of X(—,71). In particular, note that the commutativity of the triangles in the universal
property says that for any ¢ € I,

X'(gy) oinc!

7'7]’1

= inc; ,, o X (i, 91). (FACT 1) 6

To check that X! preserves identities, it’s sufficient (by ColimInj) to show that

X'(1;) oincj; = Lxi(; o ing;



but this is an immediate consequence of FACT 1:

X'(1;) oinc}; = inc}; 0 X (i,1;) (FACT 1)
= mcm o 1x() (Functoriality of X)
= incij

-1
= 1X1(j) e} mcm

To see that X! preserves composition, pick arbitrary g; : j; — j2 and g : jo — j3 in J
and notice

X'(g2) o X' (g1) oinci,

= X! (g )o |nc”2 o X (i,q1) (FACT 1)
=inc;;, 0 X(i,92) 0 X (i, 1) (FACT 1)
¢ i, 0 X(i,92091) (Functoriality of X)

= X! (92 og)oinc; . (FACT 1)

Again by ColimlInj, conclude X'(g2) o X'(g1) = X (g2 0 g1).

We can conduct the analogous construction for X27: since X(ig,—) is a J-
shaped diagram for each iy, we can take the colimit over all js to define the object part
X?2(i) = colim; X (i, 7). Then, for any f; : iy — i in I, we can check that

12] o X(f1,7) : X(i1,j) = X?(42)
constitutes a cocone on X (i1, —), and therefore the unique map
inc, ;o X(f1,5) | jeJ]: X*(ix) = X?(i2)
works as X?(f1). We get a corresponding fact:

X?(f1) oinc; ; =inc;, ;o X(f1,]) (FACT 2)

which can be used to prove the functoriality of X? in the same manner we did for X*.



Moving on to (b), we observe that X! is a J-shaped diagram in C, hence we may take
its colimit. Call the colimit Z, and write inc; : X'(j) — Z for the inclusion maps.

X(ila ]3)

. B 1

X(ilan) Xl(jg)
L1 Xl(gz) i
X(i1,91) inc; iy }
X(ilajl) Xl(]Q) X(ig,j3) i
. X'(g1) . i

e . linc;

X (i2,92) \\\ P
X(f1.41) X'(5) X (iz, j2) N |
i”C}Q,jl - \\‘*\\\\\ ) i
X(Q’gl) \\\\\\\\\ inc; \\\ }
- ‘~\\l\_‘>> R . .
X(iQajl) e s 7

We must show that Z is the apex of some cocone on the diagram X : I x J — C,
i.e. we must supply maps z;; : X(i,7) — Z for each 4, j such that z; ; = 2z o X(f, g)
for every morphism (f,g) : (i,7) — (¢,7") in I x J. As suggested by the diagram above,
this is achieved by the composition

.o incf},j 1/ inc;
X(i,j) —— X°0) Z
So put z;; = inc; o incz{j. To see this is a cocone, pick arbitrary f; : iy — iy and

g1 :J1 = Jo.



X (i1, 1)

X(i1,91) incj,
X (i2,j1) Z
X*(g1)
X (i1, j2) inc;,
%MX)

X (f1,42)

X (42, j2)

The left square commutes by the functoriality of X, the other squares by FACT 1. The three triangles
commute because colimits are cocones. X (f1,g1) is the diagonal of the left square.

Then,

Zi27j2 © X(f17 gl)

= inc;, oing;, 5, 0 X(f1,01)

=incj, o incilz,j2 o X(f1,72) o X (i1, 1) (Functoriality of X)
= inc;, oinc;, ;, 0 X (i1, 1) (X1(j5) is a cocone)
=incj, o X'(g1) oing; (FACT 1)
= inc;, oinc; (Z is a cocone)
= Zi1 g

so we can conclude that z; ; : X(7,7) — Z indeed is a cocone.

For (c), we wish to show that (z;;)ierjes is the colimit cocone on X. We do this, as
usual, by verifying the universal property. Let w;; : X(i,j) — W be an arbitrary

cocone on X 8. We want a unique map Z — W making every triangle commute (i.e.
the below, for every iy, ji).



X (i1, 1)

X (f1,41) X(j1)
X (i1,91) -
InCi21j1
X (i2,71) Z W
X (i1,72)

X (f1,42)

X (32, j2)

We’ll use the universal properties of colimits to define such a map.

To begin, observe that for all f; : i1 — i3 and every j that the following 9 commutes.

X(i1,7)

X(flvj)

Wig,j

~

X(i27 ])
For the sake of notation, we’ll write k; for [w;; | i € I]: X'(j) — W. Remember its
key property 10 :
kjoinc;; = w; for all 4, j (FACT 3)

Since we can define this for all 5, we have the following diagram for any g; : j; — jo in
J,



10

11

X'(j1)

X1 (g1)

That kj, o X'(g1) = kj, can be verified using ColimInj: for any i,

kj, 0 X'(g1) o inc;j1 =kj, 0 inci{j2 o X(i,q1) (FACT 1)
= w; j, o X(i,01) (FACT 3)
= Wi j, (w;,; cocone)
= kj, oinc; . (FACT 3)

Therefore conclude k;, o X'(g1) = kj,, hence the k;s constitute a cocone on X*'. Since
Z is the colimit on X', obtain ¢ = [k; | j € J] as indicated above.

So it remains to show that ¢ has the universal property we want, i.e. it is the unique
map such that ¢ o z; ; = w; ; for all 7, j. Observe:

@ozj=oinc;o incild-
= kj oinc; ; (p=1k [ €]

Now, if there were ¢’ : Z — W such that ¢’ o z; ; = w;; for all 4, 11, then that
means

poincjoinc;; = ¢ oinc; oing; (for all i, 7)
Apply ColimInj to get
@ oinc; = ¢ oing; (for all j)

and apply ColimInj once again to get

/

Y=¢.

So the universal property is proven, and z; ; : X (4, j) — Z is the colimit cocone on X.

The most straightforward way to prove (d) is to show that colim; X?(7) must also satisfy
the universal property of the colimit on X, and thereby (with (c)) conclude

colim X (5) = colim X (4, j) = colim X?(4)
J 2,7 i



since colimits are unique up to unique isomorphism.

This can be done analogously to our development of X'. Letting Y be colim; X?(7)
with inclusion maps inc; : X%(i) — Y, we can argue that the maps

Yij =ing; o incij : X(1,5) =Y

form a cocone by appealing to FACT 2, the functoriality of X, that X?(i) is a cocone,
and that Y is the colimit of X2, We can then argue that y;; is the colimit of X by
picking another cocone w;; : X(i,j) — W and leveraging the universal properties of
Y as the colimit of X? and X?(i) as the colimit of X (i, —) to construct a unique map
Y Y — W such that ¢ oy, ; = w;; for all 7, j.

Notes:

1 A common notation convention is to write

(v, | ke K): E— lilgnY(k)

for the unique map h such that vy = pi o h for every object k in K (which we get by
the universal property of limits — assuming limy, Y (k) exists — so long as vy : E — Y (k)
is a cone on the diagram Y'). py : limy Y (k') — Y (k) are the projection maps of the
limit cone. This is the “indexed” generalization of the notation you’ve already seen for
products, namely writing (f,g) : C — A x B for some f:C — A and g: C — B. The
[we | k€ K] : colimy, Y (k) — W above is the dual notation for colimits.

Alternatively, you could think of these as maps:
(—) : Cone(Y, E) — Hom(E,lilgn Y (k))
[—] : Cocone(Y, W) — Hom(co}cim Y (k), W)

One way to state the “bijection characterization” of the universal properties of limits
and colimits (respectively) is that these functions exist and are bijections. Moreover,
(—) is natural in E: view Cone(Y,—) and Hom(—,lim; Y (k)) as functors C°® — Set
whose morphism parts are given by the appropriate notions of composition, and check
that for any s : E — E’ and any (t;)rex € Cone(Y, E’') in C that

(Cone(Y, s)(tx)) = Hom(s,lillgn Y (k) (tr | k€ K)

i.e. that (t;) o s is the unique map h such that ¢, o s = py o h for all k. Likewise,
Cocone(Y, —) and Hom(colimy Y (k), —) are functors C — Set with [—] a natural iso-
morphism between them.

2 This is a good way to write proofs: identify some styles of reasoning you're going to
use over and over, isolate and name them, and then refer to them (instead of having to
walk through the same logic over and over).
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10
11

Here I write a hyphen to indicate where the argument goes, which is useful for “partially
applying” multi-argument functors. For instance, we can take the functor

Hom : C°? x C — Set
and supply just one argument X to get the functors
Hom(X,—) : C — Set

and
Hom(—, X) : C? — Set.

Of course, we write Hom(X,Y") instead of Hom(—,Y)(X). There’s some things to check
to make sure that this is legitimate, but it is.

Note that for f : ¢ — ¢ in I, X(f,j) is the same thing as X(f,1;), i.e. we take
(f,1;) : (i,4) = (¢, ) as a morphism in I x J and apply the functor X to it. This is
also a common notational convention (sometimes it gets tedious to write all the 1’s).

Whenever you're asked to supply a functor, always do this. For any functor you
define, you need to make clear what the object and morphism parts are and prove
functoriality (that it preserves identities and composition). You don’t have to go into
detail if it’s trivial, but you need to mention it ...otherwise how do I know that you
understand that these are the necessary components/requirements of a functor?

A very common mistake I see is forgetting to do this. You cannot apply the uni-
versal properties of (co)limits to things that are not (co)cones. Just because
you have some data of the right type (in this case, an [-indexed collection of maps
X (i,j1) = X'(j2)), that does not make it a cocone: it has to satisfy the commutativity
condition.

Pro tip: name your facts! Makes it easier to refer to later.

I was relatively lenient on grading this, since it is very similar. But in the future, you're
expected to do what I do here: indicate what the key facts & steps are in the proof.

This is how basically every proof of a universal property should start.

It’s important to keep your diagrams manageable. I saw plenty of people try to draw
the entire setup in one diagram. .. for a complex enough problem (like this one), that’s
going to confuse more than help. Depict the aspect you're discussing at the moment,
and leave the other details for other diagrams.

I'm forgetful and easily distracted. Tell me directly what the key facts are.

This reminds me of another common mistake. Remember: universal properties usually
have the conclusion “there exists a unique ____ such that ______ 7. Don’t forget the “such
that ______ "l There’s not a unique map ¢ : Z — W, full stop. There’s a unique
(Yol Z — W such that PO Zi; = Wiy
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Problem:

Let I and J be two small categories and C a category with colimits of shape I and limits
of shape J. We fix a diagram
X:IxJ—=C

(a) Using the universal property of limits and colimits, construct a map

e
colin iy X(6.9) = Iy cclim X(0.5)

(b) Find an example of a diagram X : I x J — C for which this map is not an
isomorphism.

Solution:

12

Let’s define X! : J — C as in the previous problem: each j € J gets sent to colim; X (i, 7)
and each ¢; : j1 — Jo gets sent to the unique map

[inc;;, 0 X(i,91) | i €] :colimX(i,j1) — colim X (i, j)
which, as established above, satisfies the key property that, for any ¢ € I,

— el
= N,

X'(g1) oiinc;

/ijl

o X (i,91). (FACT 1)
We’ll do the dual thing for the other argument, putting

X2:I—>C
24 lim X (4, )
J

and then noticing that for any j and any f; : iy — 75 in [ that the maps
X(fr,7)opiy - liij(il,j) — X (ig,7)
form a cone on X (iz, —), hence we can put
X%ﬁ):QXU;ﬁopmj|jegn:%nX@hﬁ—+%nX@%ﬁ
which have a dual property to FACT 1:
Ping 0 X2(f1) = X(f1,7) © Py - (FACT 4)

.. X(f1.4 ..
X(Zh]) & X(Z27j)

hm] X(Zl,j> > llm] X(Zg,j)

X2(f1)
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14

12

Let us also recall that for all 4, 5, all f; : 27 — iy and all g; : j; — jo that
inc;, ; 0 X(f1,7) = inc;, ; (Colimits are cocones)

X(%,91) © Pijy = Pijs (Limits are cones)

Now, our goal is to construct a map

colim X?(7) — lim X (j).

i j
Start by considering these maps, for any 4, ji:

S inczl .
lim; X (i1, j) SN X(iy, j1) ——— colim; X (4, j,)

Call their composite h;, ;, = inc}m-1 o pi, ji- Notice that these form a cone on X*': for

any g : j1 — jo and any ¢, the triangle

X'(j)

X(g1)
X1(j2)
commutes:

X'(g1) © hiyy
= Xl(gl) © i”Czl,jl O Dij
= inc;;, 0 X (i, g1) 0 pijy (FACT 1)
= inc; i» © Dijo (Limits are cones)
= hi2,j2'

Therefore, we obtain for each i a map

ki = (hij | 7€J): X?(i) — lim X'(3).

J

These maps form a cocone on X?: for each f; : i — is, the triangle
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X?(iy)
ki,
X2(f1) hm] Xl(j)
ki
X?(ia)

commutes:

ki, on(fl)

= (hiyy | J€J)o X*(fr)

= (h ;0 X*(f1) | j€J) (12)
= (inc;, ;o pi, ;0 X2(f1) | J€J)

= (inc; ;o X(fi,j)opi,; | € J) (FACT 4)

i2’]
= (inc} ;opi; | j€J) (Colimits are cocones)

—~

Therefore we have obtained a cocone on X? whose apex is lim; X'(j), so there is a
unique map
[k; | i €1I]:colim X?(i) — lim X'(5).

J

15
For (b), the easiest counterexample is to take I = J = ()18 and C = Set (or
Set_,). Recall that the colimit over an empty diagram is an initial object, which is () in
Set, i.e.
() = colim X?(i).
Dually, the limit of an empty diagram is a terminal object, which is {x} in Set, so
[} = lim X' (j).
J
The map we obtained in the previous part is the unique map () — {x}, but there cannot
be a map {x} — 0, hence this cannot be an isomorphism.
Notes:

12 The general fact is this: for any diagram Y : K — C such that lim, Y (k) exists, and
for any cone z; : Z — Y (k) and any map f: 2’ — Z,

(z | ke KYof={(zof | k€ K)
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13

You proved the special case of binary products (i.e. K = {0,1}) on Homework 4. This
is again a consequence of the injectivity of the map Cone(Y, Z’) — Hom(Z', lim; Y (k)),
and is the key fact behind the proof that (—) is natural in its cone argument.

This is a generally-applicable lesson for math: if you need a counterexample, always try
the empty set!



