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Reminder: where the base case goes when folding

foldr (op™) "!" ["H","E","L","L","0"]

— "H""(foldr (op~) "!" ["E","L","L","0"])

— "H'S(UE'C(foldr (op) "I [MLU,ULY,10"1))

— "HYS(UEUS(ULYC(foldr (opt) "I [MLY,70"1)))

— "HOC(UES (UL (LY (foldr (op”) 1M [M01))))
— HUS(UETS (LY (LU (0 (foldr (op”) M1 [1)))))
= "HUS(UES (UL (UL (0T )) )

— "HELLO!"
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Treefoldr

0714.0 (Tree.sml)

i/ fun inord Empty = []
2 | inord (Node(L,x,R)) =
13 (inord L)@(x::inord R)

foldr : (’a * b -> ’b) -> ’b -> ’a tree -> ’b
REQUIRES: g is total
ENSURES:

foldr g z T = VList.foldr g z (inord T)
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0714.1 (Tree.sml)

6 fun foldr g z Empty = z
7 | foldr g z (Node(L,x,R)) =
foldr g (g(x,foldr g z R)) L

iz Cannot make recursive calls in parallel!
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Associativity

If (inord T) = [x1,x2,x3], then
foldr g z T=g(xl,g(x2,g(x3,z2)))
in order to make this more parallel, we need this to be the same as
g(g(x1,x2),g(x3,2))

.(note this constrains the type!)

500 Afunctiong : t * t -> tissaid to be associative if
glglx,y),z) = g(x,gly,z))

forall x,y,z : t. (Examples: op+, Int.max. Non-example: op-)
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0714.2 (TYPECLASSES :sig)

o|signature SEMIGROUP =
3 Sig
4 type t

6 (x INVARIANT: cmb is associative x)
7 val. cmb : t x t -> t
slend
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0714.3 (Typeclasses.sml)

oletructure IntMaxSemi : SEMIGROUP =
s|sStruct

4 type t = 1int

5 val cmb = Int.max

s|lend

rletructure IntMinSemi : SEMIGROUP =
s|StTruct

e type t = 1int

10 val cmb = Int.min

11 |end
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Foldable

0714.4 (TYPECLASSES sig)

2|signature FOLDABLE =

14 type >a T
5 structure S : SEMIGROUP

17 val fold : S.t -> S.t T -> S.t
s lend
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Functor Syntax

functor F (S : SIG1):SIG2 = struct ... end

functor F (structure S1 : SIG1

structure 82 : SIG2) : SIG3 =
struct ... end

functor F (type t
val g : t -> int)
SIG’> =

struct ... end
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0714.5 (Typeclasses.sml)

s|functor mkListFold (S : SEMIGROUP) : FOLDABLE =

6| Struct
17 type ’a T = ’a list
18 structure S = S

20 val fold = List.foldr S.cmb
21 lend
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0714.6 (Typeclasses.sml)

s functor mkTreeFold (S : SEMIGROUP) : FOLDABLE =

%|Struct
27 type a T = ’a Tree.tree
28 structure S = S

30 val fold = Tree.foldr S.cmb
s1lend
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Can we do parallelism now?

fun foldr g z Empty = =z
| foldr g z (Node(L,x,R)) =
g(foldr g z L,g(x,foldr g z R))

Does this work?
?
foldr g z T=List.foldr g z (inord T)
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No:

foldr op~ "!"
(Node (Node (Empty, "v",Empty),"x",Empty))

12

Il!y!X!ll



A value z : t is said to be an identity for g:t*xt->t if

Y

g(x,z) = x = g(z,x)

Eg.
e O for op+
e 1 for opx*
e """ for op”
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0714.7 (TYPECLASSES :sig)

»|signature MONOID =
23 Sig
24 type t

26 (x INVARIANT: cmb is associative x*)
27 val cmb : t *x t -> t

2 (x INVARIANT: z is an identity for cmb *)
30 val z : t
;1 |lend
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Ur14.0 ( lypeclasses.sm

ss|structure IntPlusMonoid : MONOID =
6| Struct

37 Ttype t = int

38 val cmb = op+

39 val z = 0

o |end

0714.9 (Typeclasses.sml)

sijstructure StringMonoid : MONOID =
s2( STruct

53 type t = string

54 val cmb = op~

55 val z = ""
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Forgetful Functor

0714.10 (Typeclasses.sml)

o|functor asSemi (M : MONOID) :SEMIGROUP =
s1|Struct

62 type t = M.t

63 val cmb = M.cmb

64 |€nd
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0714.11 (TYPECLASSES sig)

s|signature REDUCIBLE

37 type >a T
38 structure M : MONOID

10 va!. reduce : M.t T -> M.t
alend
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0714.12 (Typeclasses.sml)

ss| Tunctor mkListReduce (M : MONOID) :REDUCIBLE =
ss |STruct
70 type ’a T = ’a 1list

71 structure M = M

72

73 val reduce = List.foldr M.cmb M.z
s lend
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0714.13 (Tree.sml)

17 fun reduce g z Empty = =z
8 | reduce g z (Node(L,x,R)) =
g(reduce g z L,g(x,reduce g z R))

0714.14 (Typeclasses.sml)

wlfunctor mkTreeReduce (M : MONOID) :REDUCIBLE =
v|Struct

80 type ’a T = ’a Tree.tree

81 structure M = M

83 val reduce = Tree.reduce M.cmb M.z

ss |€Nnd
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H-minute break?






In SML, we have the notion of equality types, which are types that can be
compared with =.
Examples:

e int

e string 1list

e bool * bool option
Non-examples:

e real

e int -> int

e bool -> bool

A type variable with two apostrophes, e.g. ’ ’ a, is constrained to be an equality
type. We can specify an equality type in a signature using the eqtype keyword.



0714.15 (SEARCH._sig)

o|signature Ef =

3|81g

4 Ttype t

5 (* INVARIANT: equal is a reasonable notion of
equality *)

6 val equal : t -> t -> bool

7|lend




0714.16 (Search.sml)

.|functor mkEq (eqtype t) : EQ =
s|Struct

4 type t = ¢t

5 val equal = Fn.equal

s |end

0714.17 (Search.sml)

w|Structure IntEq = mkEq(type t = int)

s|structure IntListEq = mkEq(type t =
u|lstructure IntTreeEq = mkEq(type t =
tree)

n|structure BoolEq = mkEq(type t = bool)
»|structure StringEq = mkEq(type t = string)
int list)
int Tree.



The ORD signature

0714.18 (SEARCH._sig)

n|signature 0ORD =

12 Slg

13 type t

14

15 (* INVARIANT: cmp is a comparison function *)
16 val cmp : t * t -> order

i7|end




Basic Examples

0714.19 (Search.sml)

s|structure IntOrd : ORD =

19| STruct

20 type t = 1int

21 val cmp = Int.compare

2 [end

s|structure stringlOrd : 0ORD =
2a|Struct

25 type t = string

26 val cmp = String.compare
27 lend




0714.20 (Search.sml)

s |functor cmpEqual (K : ORD):EQ =
2(Struct

33 type t = K.t

| fun equal x y = K.cmp(x,y) = EQUAL
35 lend




Let's talk about sets, baby

21

22

23

24

25

26

27

28

29

30

0714.21 (SEARCH.sig)

signature SET
sig
structure Elt

type oSet

val empty

val 1nsert
val lookup

Set

Elt
Set

EQ

.t * Set
-> Elt.t

-> Set
-> Elt.t option




Set signature, continued

0714.22 (SEARCH_sig)

33 val overwrite : Elt.t *x Set -> Set
34 val remove : Elt.t *x Set -> Set

35

36 val union : Set -> Set -> Set

w| val toString : (Elt.t -> string) -> Set ->
string

39 |end




Lecture ended here on 14
July 2021. You're not

expected to know anything
past here.




Code Review:
OrdListSet



Code Review:
OrdTreeSet



Proving Representation
Independence



e We can use signatures (with invariants) to explicitly codify typeclasses with
specific properties

e We can use structures as input to functors producing more elaborate
structures, making our code more modular and maintainable

e \We can maintain more complex invariants, and prove the equivalence of
different structures ascribing to the same signature.



e Sets and Dictionaries
e Balance invariants and Red-Black Trees




Thank you!
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