Polarity Problems

and the Semantics of Directed Type
Theory




0 Background




ldentity Types

Standard Martin-Lof Type Theory includes identity types:

[FAtype THt:A THL:A
[ Ida(t, t') type

[t A
[, x: A ju: Id(t, x) = M(x, u) type
Fetx THE A [ = m: M(t,reﬂ)

[ refl: 1d(t, t) [ox: A u: ld(t,x) = J mx u: M(x, u)
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Basic results

Symmetry Transitivity
[+ p:Id(t, )
[+ p: d(t, t') [+ q: (1, t")

[Fpti=Jrefl, ' p: Id(t',t) THp-qg:=Jpt'q:Id(tt")

IEEE] The Id-types make each type into a synthetic groupoid

e “Synthetic”: Groupoids (types) are fundamental objects;
there's no proving that something is a groupoid
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Can we
have a synthetic
category theory?



Directed Type Theory includes hom-types:

[FAtype THt:A THL:A
[+ Homa(t, t') type

[Ht: A
[, x: A, u: Hom(t, x) = M(x, u) type

Fctx TRt A rl—m:M(t,refI)
[ refl,: Hom(t, t) [,x: A u: Hom(t,x) FJ mx u: M(x, u)

Jacob Neumann Polarity Problems 07 May 2025



Basic results

Symmetry Transitivity
[+ p: Hom(t, t')
I_I—p:l-x‘t,t’) H-q:)-@((‘t’,t”)
[+ J refl, t“p: Plom(t/, t) = Jpt’q" Hom(t,t")
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Need

semantics to prove
that symmetry is
unprovable




The groupoid interpretation of type theory

Hofmann and Streicher prove [HS95] that the uniqueness of
identity proofs (UIP) is independent from the rules of Martin-L6f
Type Theory.
Interpret the syntax of Martin-Lof (contexts, substitutions,
types, terms, etc.) as mathematical structures (groupoids,
families of groupoids, etc.)

Prove that the rules of MLTT (e.g. the J-rule) are valid in this
Interpretation

Prove that UIP is not valid in this interpretation
i Deduce that the rules of MLT T cannot prove MLT T
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Replace
groupoids with
categories




Define the category model
Figure out what syntax of directed type theory it interprets

Prove that symmetry is independent of this directed type
theory
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1 Shallow and Deep
Polarity



Basic Structure of Type Theory

e Contexts are

categories con = Cat
e Substitutions are Sub : Con — Con — Set
functors SubAT :=A =T
o Typesin context [ are  Ty: Con — Set
[-indexed families of Ty =T — Cat
categories
(Grothendieck Z[—] : Ty_l' —oub AT Ty A
o] =Aoco

opfibrations)

Jacob Neumann Polarity Problems 07 May 2025



Basic Structure of Type Theory

e [erms are sections

e Context extension is
the Grothendieck
construction

record Tm (" : Con) (A: Ty ') : Set
where
obj : (v : |T]) = [A
mor : (Yo : [[ 70, 71 ]) =
(A v1)[ A vo1 (obj 7o) , obj 71 ]
__:mor id = id
— - mor (712 O ’Y01) —
(mor y12) © A ~y12 (mor ~o1)
> :(I:Con) — Ty ' = Con
[T A= (v:|) x|Ay
(F>A) (vo20) , (v1,a1) | :=

(o1 : Tlyvoma]) <
(A v1)[ Ao ao, ar]
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A place where the groupoid
model actually relies on the
semantics being groupoids



Hom-formation



[,A) and t': Tm(l, A)

[ — Grpd

A7) [ty t ]

) [t 70, t' Yol = (A1) [t 1, t' ]
t' 701) © A o1 %0 © (£ Y01)

A X
) == Ao (' 0)

t 701J/ ltl Yo1

ty -—=- e B
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Negative structure

We annotate variances/polarities by adding operations to MLTT
e Type negation

[ A type
TFA type (A7) =A

[ A, Cat
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Given t: Tm([', A7) and t': Tm(l', A)

Hom(t, t') . [ — Cat

Hom(t, )y = (A7) [t7,t7]

Hom(t,t') vo1  : (A7) [t 10, 0] = (Ay) [t 71, t 7]
Hom(t, t/) Yo1 Xo = (t/ Yo1) © A Y01 X0 © (t Yo1)

A X
) == Ao (' 70)

t 701T lt’ o1

__________________ /
t g Hom(t,t’) Yo1 Xo r t g

“Shallow polarity”
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Pi- Types



From [HS95, Section 4.6]:

If v eI let B, € Ty(A()) be the family of groupoids over the groupoid

A(7) given by
B.(a) = B(v,a)

B, (p)(.) = (id-,p) - -
Notice that B, = B{%} where 7 : A(y) — I'.A is the functor sending a to (v, a)
and p:a — a)

Morphisms of I, inverted

Now we put

I—[l.l“(“{a

(p-M)(ae A(Y')) = (p,id) - Mp "\a)
(p-M)(g:a—a')=(p.id)- M(p '/ q)

“Deep polarity”
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Negative structure

We annotate variances/polarities by adding operations to MLTT
e Context negation

[ ctx
[~ ctx (r-)y-=r
[~ =1[°P
e Negative context extension

[~ Atype [~ Atype
[ x: Actx (M, x: A" Fx: A”
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Polarizing Pi types

[ FAtype . x:AF Btype
[ T1(A, B) type

[, x:AFe: B [Hf:TI(AB) T-Ft: A"
[ - Ax.e: (A, B) [+ f(t): B(t)
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We can't
do anything with
these



2 Neutrality



e No identity function
» A — Aisn't a well-formed type (domain has to be in [ ~, codomain in

[, x: A)
» Ax.x isn't a well-formed term (x is a term in (I ,_ x: A)~, not
[, x: A

e Forget about composition...
e Can't introduce or eliminate hom-types
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Hom rules

[FAtype THt: A THY A
[ = Hompu(t, t') type

[ ctx [Ht: A
[,x: A, u: Hom(t, x) = M(x, u) type

[ctx [ Ft: A = m: M(t, refl
[ F refl;: Hom(t, t) [,x: A u: Hom(t,x) = J mx u: M(x, u)

“Overly-strict polarity”
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Neutrality

We instead work in a neutral context, i.e. a groupoid (but types
are still valued in categories)
e Can substitute with the isomorphism e: [P = [ (so types like
A — A can be well-formed as Ale] — A)
e Can substitute between ' | x: Ale] and ', x: A (so Ax.x is
well-formed)
e (et coercion operator

[ Netx [ FHt: A”
[ —t: A — —t=1t
— :{l : NeutCon}{A : Ty '} — Tm(lA) — Tm(I",A™)
—ty=ty
—t" Y01 = A o1 (t'(701™ "))
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Hom rules

[FAtype THt: A THY A
[ = Hompu(t, t') type

[ Nctx [ Ht: A
[, x: A, u: Hom(t, x) = M(x, u) type

[ Netx [Et: A [ = m: M(—t, refl)
[+ refl;: Hom(t, —t) [,x: A u: Hom(t,x) = J mx u: M(x, u)
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JF o (t: Tm(l, A7)
— (M : Ty (T >* A" Hom(t[ p |, vo)))
— Tm(T, M[id ,; —t ., refly ])
— Tm(F > A" Hom(t[ p ], vo), M)

(Jemm) o (v (M) = (a:[Aq]) = (x: (Ay) [ty a]) = [ M(v, a, %) |
(JTemm) yax=M(idy, x) (m~y) — x=xo0 Aid, id, o tid,

(JTem m) = (vor : T [v071])
— (301 ) A’)/l [A Yo1 40, al])
— M(’}/l, a1, ap1 © A Yo1 Xg © t(’}/()l) )[
M(~o01.201) ((Jem m) Yo a0 Xo),
((J"em m) 71 a1 (201 © A o1 %0 © t(701)))

|

(4" em m) Y01 @01 = M (id-,, @01 © A 701 X0 © t(Y01)) (M 701)
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3 Directed Type
Theory




Some general notes

e Can prove that hom-types aren't provably symmetric
(symmetry is independent of this directed type theory)

e Have notion of neutral types (NeutTy [ :=T — Grpd).
Neutral types have provably symmetric hom-types (by JT), so
we write their hom-types as Id.

e In the category model, every hom-type is neutral and satisfies
UIP, i.e. is a set (call this (1,1)-directedTT)
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[ Nctx [ Ht: A
[, x: A, u: Hom(t, x) = M(x, u) type
[+ m: M(—t, refl)
[, x: Ayu: Hom(t,x) = J m x u: M(x, u)
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[ Nctx [ —t: A
[Ht: A [+ f: Hom(t, t')
[,x: A, u: Hom(—t', x) = Hom(t, x) type
[+ f: Hom(t,t')
[,x: A u: Hom(—t',x) - J f x u: Hom(t, x)

f-g=J"ft'g
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Conclusion

Semantics of type theory in Cat
Adopt a system of polarity, annotating variances
Too much polarity, need to weaken somewhat with neutrality

Directed J-rule, which can prove transitivity /composition, but
not symmetry/inverses

e Synthetic category theory, directed homotopy theory,
concurrency and rewriting

Jacob Neumann Polarity Problems 07 May 2025



Thank you!
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